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We study non-perturbatively the anomalous Hall current and its high harmonics generated in
Weyl and Dirac semimetals by strong elliptically polarized laser fields, in the context of kinetic
theory. We find a novel crossover between perturbative and non-perturbative regimes characterized
by the electric field strength E∗ = µω
2evF
(ω: laser frequency, µ: Fermi energy, vF : Fermi velocity).
In the perturbative regime, the anomalous Hall current quadratically depends on the field strength
(E), whereas the higher order corrections, as well as high harmonics, vanish at zero temperature.
In the non-perturbative regime, the anomalous Hall current saturates and decays as (log E)/E ,
while even-order high harmonics are generated when inplane rotational symmetry is broken. Based
on the analytical solution of the Boltzmann equation, we reveal the topological origin of the sharp
crossover: the Weyl monopole stays inside or moves outside of the Fermi sphere, respectively, during
its fictitious motion in the pertubative or non-pertubative regimes. Our findings establish a new
non-linear response intrinsically connected to topology, characteristic to Weyl and Dirac semimetals.
Introduction - Studies of electronic transport in quan-
tum materials have not only led to major technological
advancements in the past decades, but also substantially
extended our understanding of novel transport phenom-
ena beyond the conventional Drude paradigm. A promi-
nent example is the discovery of topological materials,
such as Dirac and Weyl semimetals, which are featured by
massless chiral quasiparticles at low energies [1, 2]. Via a
microscopic mechanism linked to quantum anomalies [3],
the topological nature of these quasiparticles can lead to
robust transport properties against Ohmic dissipation.
The notion of Berry phases in momentum space plays a
central role in the semiclassical description of the topo-
logical semimetals [4–7]. Through the kinetic equation
the Berry-phase contributions have been incorporated in
the Fermi liquid framework to describe transport phe-
nomena [8–13].
Going beyond transport phenomena, the Dirac and
Weyl semimetals have recently been found to be a new
versatile platform to investigate nonlinear and nonper-
turbative optical phenomena [14–22]. Especially at low
energies such as in the terahertz (THz) frequency range
(1 THz ∼ 4 meV), highly efficient odd-order high-
harmonic generation (HHG) was very recently reported
in graphene [15, 18] and the three-dimensional Dirac
semimetal Cd3As2 [21, 22]. In particular, the observed
nonperturbative HHG induced by linearly polarized light
(LPL) has been successfully described by kinetic the-
ory, which established the driven kinetics of the Dirac
fermions as the microscopic mechanism for the nonper-
turbative HHG in Cd3As2 [21].
In this work, motivated by these recent experimen-
tal advances [21, 22], we perform kinetic theory anal-
ysis of the topological nonlinear response of the Weyl
CPL
FIG. 1. Anomalous Hall current (jAH) in a Weyl semimetal
(WSM) induced by elliptically polarized light (EPL). The cir-
cularly polarized component (CPL) of EPL generates a DC
anomalous Hall current, while an additional linearly polarized
(LP) component induces even order topological high harmonic
generation (HHG).
semimetals (WSM) driven by circularly (CPL) and el-
liptically polarized laser light (EPL) with experimentally
relevant model parameters. As depicted in Fig. 1, we
show that the laser field generates an anomalous Hall
current flowing in the direction of the laser propagation.
Our analysis is extended from the perturbative regime
to the strong field nonperturbative regime. We obtain
an explicit analytical expression of the zero-temperature
anomalous Hall current, and find even-order HHG when
Weyl’s SO(3) symmetry is broken, as in the case of EPL.
The mechanism of the even-order HHG is topological and
nonperturbative, which we reveal by identifying the de-
pendence of the anomalous Hall current on the Berry
curvature. Further numerical analysis indicates that the
zero-temperature analytical results can be valid even for
low but finite temperatures. We note that our analysis
also applies to Dirac semimetals which consist of two de-
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2generate Weyl fermions with Berry curvatures that have
opposite signs, and the anomalous Hall current becomes
a relative flow, e.g. spin current.
General Theory - Our analysis employs kinetic theory
within the relaxation time approximation. This approach
is reliable when quantum transitions are irrelevant, which
is the case when a system with a finite Fermi sphere is
driven by THz lasers [21]. In this framework, the Boltz-
mann kinetic equation
∂tf + r˙ · ∇rf + p˙ · ∇pf = τ−1(f0 − f), (1)
describes the evolution of the distribution function f in
phase space. f0 stands for the equilibrium Fermi-Dirac
distribution function and τ for the relaxation time. The
effective dynamics of the Weyl quasiparticles is deter-
mined by the modified equations of motion [6, 10, 11, 23]
r˙ = ∇pp − ~p˙×Ωp, p˙ = −eE − er˙ ×B, (2)
where Ωp = − Im[〈∇pup|×|∇pup〉] represents the Berry
curvature, p the energy dispersion relation, and E and
B the electric and magnetic field, respectively.
Hereafter, we focus on homogeneous responses and as-
sume no external magnetic field. Additionally, we neglect
the magnetic field induced by the dominant oscillatory
electric field driving the system. These considerations
lead to the simplified Boltzmann equation
(τ∂t + 1) f − τeE · ∇pf = f0, (3)
and current density
j = −e
∫
p
∇pp f − e2~E ×
∫
p
Ωpf (4)
where
∫
p
≡ ∫ d3p(2pi~)3 . The current density can be decom-
posed as j = jO + jAH, where jO corresponds to the
usual current generated by the group velocity (first term
in Eq. (4)), while jAH (second term) corresponds to the
anomalous Hall current. The anomalous Hall current is
topological as it is induced by the expectation value of
the Berry curvature.
The crucial step towards computing the response cur-
rent is to solve the Boltzmann equation [Eq. (3)] with
the boundary condition f(t = 0,p) = f0(p). The solu-
tion can be shown, either by the method of characteristics
or Fourier transform, to take the following form
f(t,p) = e−t/τf0(p− eA(t))
+
1
τ
∫ t
0
ds e
s−t
τ f0(p− e∆(t, s)), (5)
where A(t) = − ∫ t
0
dsE(s) is the vector potential and
∆(t, s) = A(t) − A(s). The first term of this equation
corresponds to the Fermi-Dirac distribution shifted by
the vector potential A(t). Since this term vanishes expo-
nentially fast with t/τ , it is only relevant for large values
M
RP
ℰ < ℰ*(a)
M
RP
RNP
ℰ > ℰ*(b)
FIG. 2. Illustration of the shifted distribution functions
f0(p− e∆(0, u)) contributing to the anomalous Hall current,
jAH [Eq. (7)], induced by CPL in the (a) weak (E < E∗) and
(b) strong (E > E∗) field regimes. E∗ is maximum field value
for which the monopole remains enclosed by the Fermi sur-
face during its fictitious motion [Eq. (9)]. Circles represent
the Fermi sphere shifted by ∆(0, u) = A(0) −A(u). In the
weak field regime, the overlap between shifted distribution
and Weyl monopole M enables perturbation theory to render
the exact result of the current. In the strong field regime,
perturbation theory is only able to describe a small set of
shifted distributions, denoted by RP (depicted by the blue
arrow). The remaining distributions contributing to the cur-
rent belong to RNP (red arrow) and are responsible for the
non-perturbative behaviour of jAH.
of the relaxation time τ . In fact, f(t,p) = f0(p− eA(t))
is the solution of the collision-less (τ → ∞) Boltzmann
equation. The second term of Eq. (5) incorporates col-
lisions in our description. This term averages over the
Fermi-Dirac distributions shifted by ∆(t, s), and we can
portrayed it as resulting from a fictitious motion of the
Fermi sphere centered at ∆(t, s), where the contribution
is exponentially suppressed with (t − s)/τ . In this con-
struction, τ effectively defines how much the driving elec-
tric field can deform the equilibrium distribution.
So far, the derived formalism is not system specific.
Henceforth, we focus on the anomalous Hall current gen-
erated due to a single Weyl node (Fig. 1) with the Hamil-
tonian H = η vFσ · p, where η = ±1 defines the chiral-
ity and vF is the Fermi velocity. The Pauli matrices
σ = (σx, σy, σz) act on the pseudo-spin indices and mo-
mentum p is measured from the Weyl node. The en-
ergy dispersion relation and Berry curvature for the con-
duction band are given, respectively, by p = vF p and
Ωp = −ηpˆ/2p2. We denote the Fermi energy by µ.
Circularly Polarized Light - We investigate the anoma-
lous Hall response current induced by CPL propagating
in the zˆ-direction, i.e. E(t) = E cos(ωt)xˆ + E sin(ωt)yˆ.
Exploiting the fact that CPL respects Weyl’s spherical
symmetry, we first show that the resulting jAH is con-
stant in time. Later, we compute the analytical form
of jAH and explain its perturbative to non-perturbative
crossover in terms of the fictitious motion of the Weyl
monopole.
3For simplicity, we consider a system that has been
driven long enough such that it has effectively lost in-
formation of the initial state. This consideration, along
with the T = 2pi/ω periodicity imposed by the driving
electric field, allows us to write the anomalous Hall cur-
rent as
jAH =
−e2~
1− e−T/τ
∫ 0
−T
du
τ
e
u
τE(t)× 〈Ω(t, u+ t)〉, (6)
with 〈Ω(t, u+t)〉 = ∫
p
Ωpf0(p−e∆(t, u+t)). The anoma-
lous Hall current jAH points in the zˆ direction since E(t)
and 〈Ω(t, u+ t)〉 lie within the px − py plane. Thus, it is
useful to move to the frame co-rotating with the electric
field (E(t) = R(t)E, where R(t) is the rotation matrix
in the x − y plane and E = Exˆ) and use the rotational
invariance of p, to obtain
jAH = −e
2~
τ
1
1− e−T/τ
∫ 0
−T
du e
u
τE × 〈Ω(0, u)〉, (7)
which is time independent. Thereby, CPL can only in-
duce a DC anomalous Hall current.
The anomalous Hall current can be computed resorting
to the zero temperature expectation value of the Berry
curvature
〈Ω(0, u)〉 =

− η12pi2~3 e∆(0, u), ‖e∆(0, u)‖ ≤ µ/vF
1
6pi2~3 (
µ
vF
)3Ωe∆(0,u), ‖e∆(0, u)‖ > µ/vF
,
(8)
which can be understood in terms of the relative posi-
tion of the Weyl monopole to the Fermi surface. If the
monopole is enclosed by the Fermi surface, 〈Ω(0, u)〉 de-
rives from the linear term in perturbation theory, whereas
higher order corrections cancel out. On the other hand,
when the monopole is outside the Fermi surface, per-
turbation theory breaks down as 〈Ω(0, u)〉 becomes non-
perturbative. This result leads to a topological crossover
between perturbative and non-perturbative regimes in
jAH, characterized by the critical field strength
E∗ = µω
2evF
. (9)
For reference, we note that the critical field takes value
of E∗ = 4.75kV/cm for the material parameters µ =
118meV, vF = 7.8 × 105m/s, ω/2pi = 4meV (1THz)
used in Ref.[21], which is an experimentally accessible
field strength.
In the weak field regime (E < E∗), the Weyl monopole
is always enclosed by the Fermi surface during its fic-
titious motion [Fig. 2(a)] and the evaluation of Eq. (7)
entails
jAH = η
e3
3(2pi~)2
ωτ2
1 + (ωτ)2
E2zˆ, (10)
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●●
●●●
●●●●
●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ●●
●●●●●
●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ● ● ●
●●●●●● ●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ● ● ● ●
● ●●●●●● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ● ●
● ● ●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●● ●
● ● ●●●●●●●●
● ● ●●●●●● ●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ● ●
●●● ● ● ●●●●●●●● ● ●
● ● ●● ●●●●●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●●
●
● ●
● ● ●● ● ● ● ● ●●●●●● ● ● ● ● ● ●●●●●●●●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ●
●●●
● ● ● ● ● ● ● ● ● ●● ●●● ● ● ● ●
●●●●●●●●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ● ●
●●● ●
●
●● ●
● ●●●●●●●● ● ● ● ● ● ●●●●●●●●●●●●●●●●●●●
10-3 10-2 10-1 110-4
10-3
10-2
10-1
ℰ
jAH
ℰ2
● 0.02
● 0.04
● 0.06
● 0.08
● 0.1
● 0.2
● 0.4
● 0.6
● 0.8
● 1●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●●●
●●●●
●●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ●●
● ●●●
●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ● ● ●
●●●●●● ●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ● ● ● ●
● ● ●● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ● ●
● ● ●●●●●●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●● ●
● ● ●●●●●●●●
● ●
●●● ●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ● ●
●●● ● ● ●●●●●●●● ● ●
● ● ●● ●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●●
●
● ●
● ● ●● ● ● ● ● ●●●●●● ● ● ● ● ● ●●●●●●●●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ●
●●●
● ● ● ● ● ● ● ● ● ●● ●●● ● ● ● ●
●●●●●●●●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ● ●
●●● ●
●
●● ●
●●●●●●●● ● ● ● ● ● ●●●●●●●●●●●●●●●●●●●
10-3 10-2 10-1 110-4
10-3
10-2
10-1
ℰ
jAH
ℰ2
● 0.02
● 0.04
● 0.06
● 0.08
● 0.1
● 0.2
● 0.4
● 0.6
● 0.8
● 1
!⌧
FIG. 3. Anomalous Hall current density (jAH) for a
single Weyl node (η = 1) at 30 K, measured in units of
eµ3/v2F (2pi~)3, as function of electric field E , in units of
µ2/e~vF , for different values of ωτ . Circles result from nu-
merical evaluation of Eq. (6), while solid lines stem from the
analytical results presented in Eqs. (10),(11)-(13). For nu-
merical analysis, we set µ = 118 meV and vF = 7.8× 105m/s.
which is equivalent to the result achieved by solving the
Boltzmann equation [Eq. (3)] perturbatively in the elec-
tric field [24]. Nevertheless, it should be stressed that
there are no higher order corrections, so the second or-
der result of Eq. (10) is exact.
In the strong field regime (E > E∗), the Weyl monopole
moves out of the Fermi surface during its fictitious motion
defining two physically distinct regimes when performing
the integral in u [Eq. (7)]: the perturbative (RP) and
the non-perturbative regime (RNP) (Fig. 2(b)). Eq. (7)
can then be analytically evaluated, leading to the zero
temperature non-perturbative result
jAH = η
e2
(2pi~)2
zˆ
1− e−Tτ
[
ξP
∣∣∣∣0
−u∗1
+ ξP
∣∣∣∣−u∗2
−T
+ ξNP
∣∣∣∣−u∗1
−u∗2
]
(11)
where
ξP =
eE2euτ [1 + τ2ω2 − cos(uω)− τω sin(uω)]
3ω (1 + τ2ω2)
,(12)
ξNP =
µ3ω2e
u
τ +
iuω
2 2F1
[
1, 12 − iτω ; 32 − iτω ; eiuω
]
3e2v3FE(τω − 2i)
, (13)
u∗1 = ω
−1 arccos
(
1− µ2ω2
2e2v2F E2
)
, u∗2 = T − u∗1 and 2F1
is the Gaussian hypergeometric function. It should be
noted that in the strong field regime (E > E∗), even the
terms arising from perturbation theory (ξP) acquire non-
perturbative character due to the dependence of u∗1 and
u∗2 on the electric field. Despite the fact that our ana-
lytical results have been derived assuming zero temper-
ature, numerical evaluation of Eq. (6) reveals excellent
agreement even at 30 K (Fig. 3). These results attest the
validity of Eqs. (10) and (11) for low finite temperatures.
High-Harmonic Generation - We now look into the
anomalous Hall current induced by EPL propagating in
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FIG. 4. (a) Time dependence of the anomalous Hall current density (jAH) for a single Weyl node (η = 1) at 30 K, measured
in units of eµ3/v2F (2pi~)3, for a period T of the driving EPL with 2Ex = Ey = E (α = 0.5), for different values of E (in units of
µ2/e~vF ) and ωτ = 0.1. (b) Field dependence of HHG, defined as an absolute value cosine Fourier coefficient |an| of jAH, for
n = 0, 2 and 4 with α = 0.1 at 30 K. Circles result from numerical evaluation of Eq. (6) for EPL, while solid lines are obtained
from analytical evaluation of jAH up to cubic order in α. (c) Ellipticity dependence of HHG with E = 0.25 at 30 K. Circles
result from numerical evaluation of Eq. (6), while solid lines are obtained from analytical evaluation of jAH up to tenth order
in α. For numerical analysis, we considered µ = 118 meV and vF = 7.8× 105m/s.
the zˆ-direction. In contrast to CPL, we show that Weyl’s
SO(3) symmetry breaking induced by EPL leads to high
harmonics generation in jAH. The HHG is suppressed for
weak fields and only occurs in the E > E∗ regime. Fur-
thermore, we present the analytical treatment for jAH
and demonstrate that the generated harmonics must be
even and non-perturbative in E .
With the intention of performing perturbation the-
ory around CPL, we consider the field E(t) = E(1 −
α) cos(ωt)xˆ+E sin(ωt)yˆ, where α plays the role of a sym-
metry breaking parameter. In this way, we decompose
electric field and vector potential in their circularly (CP)
and linearly (LP) polarized components. Hence, simi-
larly to CPL, we use Weyl’s SO(3) symmetry to rewrite
Eq. (6) as
jAH = η
e2~
τ
1
1− e−T/τ
∫ 0
−T
due
u
τ
∫
p
f0(p− e∆CP(0, u))
(ECP(t) + αELP(t))× (R(t)p+ αe∆LP(t, u+ t))
2|R(t)p+ αe∆LP(t, u+ t)|3 , (14)
which can then be expanded in α. While the zero order
term corresponds to the result obtained for CPL [Eq. (7)],
the linear term contains second order harmonics. More-
over, one can verify that higher order terms in the expan-
sion contain higher order harmonics. Nonetheless, due to
the nature of the expansion, those harmonics are always
even. This is in sharp contrast to HHG in jO which is
dominated by odd harmonics. This observation is consis-
tent with the T/2 periodicity of jAH [Fig. 4(a)] and sets
forth a distinctive feature of topological HHG stemming
from the fact that jAH, contrary to jO, has an explicit
dependence on E(t) [Eq. (4)].
Numerical evaluation of jAH induced by EPL for fi-
nite temperatures supports the conclusions derived from
symmetry considerations (Fig. 4). The results reveal an
intense generation of non-perturbative even order topo-
logical high harmonics for E > E∗ [Fig. 4(b)], which grows
with the ellipticity (α) of the laser fields [Fig. 4(c)].
Up to this point, we resorted to symmetry arguments
to disclose the high harmonic structure contained in the
anomalous Hall response of a Weyl node driven by EPL.
The specific form of the current in the strong field regime
(E > E∗) can be computed as a power series in α using the
analytical treatment presented for CPL [Eqs. (8)-(11)].
In this approach Eq. (8) remains valid under the substi-
tutions 〈Ω(0, u)〉 → 〈Ω(t, u+ t)〉, ∆(0, u)→∆(t, u+ t).
Eq. (11) stays unchanged, with u∗1 and u
∗
2 represent-
ing, respectively, the smallest and largest solutions of
vF ‖e∆(t, u + t)‖ = µ, for u ∈ [0, T ] [25]. ξP and ξNP
are then computed perturbatively in α. The zero order
current for EPL is given by Eqs. (12)-(13), while the lin-
ear order reads
ξ
(1)
NP =
−√2µ3ω2 sin3 (uω2 ) euτ + iωu2
e2v3FE (τ2ω2 + 4) (1− cos(uω))3/2
{
(τω + 2i)(
cos 2ωt+
1
3
)
2F1
[
1,
1
2
− i
τω
;
3
2
− i
τω
; eiuω
]
−e− iωu2
[
τω cos
(
2ωt+
uω
2
)
− 2 sin
(
2ωt+
uω
2
)]}
,(15)
and ξ
(1)
P = −ξ(0)P . Note that ξ(1)NP contains the antici-
pated second harmonic. Furthermore, this method al-
lows the analytical determination of higher order terms
in α, which contain higher harmonics. It is important to
note that, in the presented scheme, there is an implicit
dependence on α and t that is introduced by u∗1 and u
∗
2.
This is the reason why, even though ξP contains only up
to linear terms in α and no explicit high harmonics, it
also displays HHG. Moreover, u∗1 and u
∗
2 also depend on
E , ensuring that the HHG associated with both ξP and
ξNP is non-perturbative in the field strength [Fig. 4(b)].
These results should be contrasted with the absence of
HHG in the weak field regime (E < E∗), where pertur-
bation theory alone yields Eq. (10) with an additional
5multiplicative factor of (1 − α). Finally, our analytical
treatment presents excellent agreement with the results
from numerical evaluation of jAH, even for finite temper-
atures (Fig. 4).
So far, we have limited our discussion to the anomalous
Hall response of a single Weyl node. However, realistic
WSM must contain multiple Weyl nodes such that, for
every Weyl node with chirality η, exists an anti-Weyl
node with opposite chirality (−η) [26–28]. In such sys-
tems, the total electric current is defined by the sum of
the currents generated by each node. On the other hand,
the sum of the currents of each node multiplied by its chi-
rality gives the axial or spin current. For this reason, the
total electric current associated with the anomalous Hall
transport is, in general, finite only for noncentrosymmet-
ric WSM with time reversal symmetry [29]. The axial
current can be finite for both Dirac and Weyl semimet-
als.
Conclusion - In this work we have discussed the
anomalous Hall current in Weyl and Dirac semimetals
induced by elliptically polarized laser fields, in the con-
text of kinetic theory. We have identified a topologi-
cal crossover between perturbative and non-perturbative
regimes, characterized by E∗: for E < E∗, the Weyl
monopole stays inside the Fermi surface during its fic-
titious motion while, for E > E∗, it moves outside. In
the perturbative regime (E < E∗) the current scales as
E2 and is constant in time for both CPL and EPL. For
E > E∗, the current becomes non-perturbative and, when
the Weyl SO(3) symmetry is broken by the laser fields,
non-perturbative even order high harmonics connected to
the topology of the material are generated. This mech-
anism generalizes for more complex Weyl Hamiltonians,
possibly with anisotropic Fermi velocities, tilted cones
and higher charge monopoles [30–32]. These systems
lack, in general, SO(3) symmetry and even CPL shall
induce topological HHG. Numerical analysis for realistic
material parameters and field strengths supports our an-
alytical findings, opening the possibility for experimen-
tal observation of topological HHG, a novel non-linear
response characteristic of Dirac and Weyl semimetals.
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